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page 2: Motivation and Goals

Outline some directions of recent and future activity
Aim: establish collaborations on mathematical and theoretical physics,
geometry and physics

Four Directions

1 nonholonomic geometric flows evolution: (non) commutative spaces,
Lie algebroids with N–connections, almost symplectic structures

2 (non) commutative geometry, almost Kähler and Clifford structures,
Dirac operators and effective Einstein and Lagrange–Finsler spaces

3 Ricci solitons in non–Riemanian geometry, modified gravity and
PDEs decoupling and off–diagonal solutions

4 geometric methods in quantization of models with nonholonomic
nonlinear dynamics and anisotropic field interactions
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Almost Kähler Models for Einstein & Lagrange–Finsler Spaces Preliminaries: nonholonomic manifolds and bundles

slide 4: Almost Kähler Models for Einstein & Lagrange–Finsler Spaces

Preliminaries: nonholonomic manifolds and bundles

Nonholonomic manifold: (V ,N ) , [dim V = n + m with finite n,m ≥ 2]

N : TV = hTV ⊕ vTV

V = (V ,N,g), TV, or TM = (TM,N,L), example 2+2+2+.... splitting
N–connection: C. Ehresmann – 1955, E. Cartan – 1935
Lagrange space (TM,L), J. Kern - 1974
regular Lagrangian L = L(x , y), h̃ab = 1

2
∂2L

∂ya∂yb , det |h̃ab| 6= 0

Finsler geometry: L = F 2(x , y), F (x , ξy) = ξF (x , y), ξ > 0

Theorem: d
dτ

∂L
∂y i − ∂L

∂x i = 0 equivalent dxa

dτ + 2G̃a(x , y) = 0

y i = dx i/dτ , for x i (τ), S = y i ∂L
∂x i − 2G̃a ∂

∂ya

when G̃a = 1
4 h̃a n+i ( ∂2L

∂yn+i∂xk yn+k − ∂L
∂x i )

N–coefficients: Ña
i = ∂G̃a

∂yn+i , N = Na
i (x , y)dx i ⊗ ∂/∂ya
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Almost Kähler Models for Einstein & Lagrange–Finsler Spaces Preliminaries: nonholonomic manifolds and bundles

slide 5:

Sasaki lift and canonical d–connections
Corollary: Sasaki lift from M to TM :
prescribed L → g̃ = hg̃ + v g̃, (g,N) ∼ (g̃, Ñ[L])

Def. d–connection D = (hD; vD), metric compatible if Dg = 0

Def. Ricci, Ric, and Einstein, E, of D; d–tens, d–vect: Y = hY + vY

Theor. D̂ = ∇+Ẑ and D̃ = ∇+ Z̃

g = g̃→
∇ : ∇g = 0; ∇T α = 0, Levi–Civita connection
D̂ : D̂g = 0; hT̂ α = 0, v T̂ α = 0, canonical d–connection
D̃ : D̃g = 0; hT̃ α = 0, v T̃ α = 0, Cartan d–connection

g = {gα′β′} → g̃αβ = [ g̃ij , h̃ab], ẽα = eα
′

αeα′ and gα′β′eα
′

αeβ
′

β = g̃αβ
g̃ = g̃ijdx i ⊗ dx j + h̃abẽa ⊗ ẽb, g̃ij = h̃n+i n+j ,
ẽα = (ẽi = ∂i − Ña

i ∂a,ea = ∂a), ẽα = (ei = dx i , ẽa = dya + Ña
i dx i )
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Almost Kähler Models for Einstein & Lagrange–Finsler Spaces Canonical almost Kähler variables, semi–Riemannian & LF

slide 6: Canonical almost Kähler variables, semi–Riemannian & LF

Canon alm complex: J̃(ẽi) = −e2+i & J̃(e2+i) = ẽi , J̃ ◦ J̃ = −I
Neijenhuis: J˙(X,Y) := −[X,Y] + [JX,JY]− J[JX,Y]− J[X,JY]

Prop.-Def. ∀ (g,J)→ almost sympl struct θ(X,Y) := g (JX,Y)

almost Hermitian model of (V,g,N) :
Hn+n = (V, θ(·, ·) := g (J·, ·) ,J)

Hn+n is almost Kähler, Kn+n, if and only if dθ = 0

Theor.: The Cartan d–connection D̃ is a unique almost symplectic
d–connection: D̃θ̃ = 0 and D̃J̃ = 0

Theor.: Einstein manifold Ric = λg
canonical variables, R̂ic = λg and Ẑ = 0
Cartan type almost Kähler variables, R̃ic = λg and Z̃ = 0
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almost Kähler Lie Algebroids and N–connections Distinguished Lie algebroids and prolongations

slide 7: almost Kähler Lie Algebroids and N–connections

Def.: d–algebroid: E = (E, b·, ·c , ρ) over a manifold M :
1) N : TE = hE ⊕ vE
2) Lie aglebroid structure: 2a) a real vector bundle τ : E→ M;
2b) a Lie bracket b·, ·c on Sec(τ) of map τ
2c) anchor map ρ : E→ TM, ρ : Sec(τ)→ X (M) of C∞(M)–modules

bX , fY c = f bX ,Y c+ ρ(X )(f )Y , ∀X ,Y ∈ Sec(τ) and f ∈ C∞(M)

ρ equivalent to a homomorphism between the Lie algebras
(Sec(τ), b·, ·c) and (X (M), b·, ·c)

Coefficient form: ρ(ea) = ρi
a(x)ei and bea,ebc = Cf

ab(x)ef ,

ρi
aeiρ

j
b − ρ

i
beiρ

j
a = ρj

f C
f
ab and

∑
cycl (a,b,f )

(
ρi

a∂iCf
be + Cd

beCf
ad
)

= 0

Example: Nonholonomic Lie algebroids: E =T V, for V = (V ,N)
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almost Kähler Lie Algebroids and N–connections Distinguished Lie algebroids and prolongations

slide 8: N–adapted prolongation Lie algebroid

Lie d–algebroid E = (E, b·, ·c , ρ) and fibration π : P→ M over the
same manifold M, uα = (x i , yA) ∈ P, particular P = E

anchor map ρ : E→ TM and the tangent map Tπ : TP→ TM, subset

T E
s P := {(b, v) ∈ Ex × TxP; ρ(b) = Tpπ(v); p ∈ Px , π(p) = x ∈ M}

Theor–Definition.

The the prolongation T EP :=
⋃

s∈S T E
s P of a nonholonomic E over π is

another Lie d–algebroid
z = zaXa + vAVA ∈ T EP ρπ(Z ) = ρi

aZ aei + V A∂A
Lie brackets bXa,Xbcπ = Cf

abXf , bXa,VBcπ = 0, bVA,VBcπ = 0(
X a,VB) the dual bases to (Xa,VA)

differential calculus for N–adapted differential forms using
dx i = ρi

aX a, for dX f = −1
2Cf

abX a ∧ X b, and dyA = VA, for dVA = 0
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almost Kähler Lie Algebroids and N–connections Distinguished Lie algebroids and prolongations

slide 9: N–connections on prolongation Lie algebroids

Def. a h–v–splitting N : T EP = hT EP⊕ vT EP
Locally N =NA

i (xk , yB)dx i ⊗ ∂A and N = N A
a X a ⊗ VA.

structures on T P and T EP are compatible if N A
a = NA

i ρ
i
a.

Using N A
a , generate sections δa := Xa −N A

a VA as local basis of hT EP.

Corollary: N A
a on T EP determines N–adapted frames

eα := {δa = Xa −NC
a VC ,VA},eβ := {X a, δB = VB +N B

c X c}

Neigenhuis tensor hN of the operator h,

hN(·, ·) = bh·, h·cπ − h bh·, ·cπ − h b·, h·cπ + h2 bh·, h·cπ

= −
1
2

ΩC
abX

a ∧ X b ⊗ VC ,

ΩC
ab = δbNC

a − δaNC
b + Cf

abN
C
f
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almost Kähler Lie Algebroids and N–connections Canonical structures on Lie d–algebroids

slide 10: Canonical structures on Lie d–algebroids

Def. d–connection, D = (hD, vD), on T EP is a linear connection preserving under
parallelism h–v–splitting

Def. torsion and curvature

T (x , y) := Dx y −Dy x + bx , ycπ & R(x , y)z :=
(
Dx Dy − DyDx −Dbx,ycπ

)
z

sections x , y , z of T E P, z = zαeα = zaδa + zAVA, or z = hz + vz.

absolute different for N–adapted eα := {δa,VA} and eβ := {Xα, δB}
associating to D a d–connection 1–form Γγα := Γγ

αβ
eβ

N–adapted coefficients T = {Tα
βγ
} and R = {Rα

βγδ
}

Prop–Definition. metric structure as a nondegenerate symmetric second rank tensor
g = { gαβ} = g=hg⊕vg

metric compatible data (g,D), Q = Dg = 0 for h–/ v–components.
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almost Kähler Lie Algebroids and N–connections Canonical structures on Lie d–algebroids

slide 11: Canonical d–connection and distortions

On T EP, gαβ → the standard torsionless Levi–Civita connection ∇
(which is not N–adapted)

Theor. ∃ canonical d–connection D̂ = hD̂ + vD̂ completely defined by
data (N ,gαβ) for which D̂g = 0

and zero h- and v -torsions of T̂ : T̂ a
bf = Ca

bf and T̂ A
BC = 0.

Remarks:

1) There is a canonical distortion relation D̂ = ∇+ Ẑ
2) hT̂ α = 0 for D̂ on TM but hT̂ α 6= 0 for D̂ on T EP, T̂ a

bf = Ca
bf

Nonholonomic deformations:

cD̂ := ∇+ cẐ : h c T̂ α = 0 and v c T̂ α = 0.
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almost Kähler Lie Algebroids and N–connections Almost Kähler Einstein and Lagrange Lie d–algebroids

slide 12: Canonical N–connection and almost symplectic structures

Theor. ∀L ∈ C∞(E) a canonical Ñ = {Ñ f
a = − 1

2 (∂aϕ
f + ybC f

ba)}
determined by semi–spray configurations encoding the solutions of the
Euler–Lagrange equations

Prop. ∀ g = hg̃⊕ v g̃, g̃ := g̃αβeβ ⊗ eβ = g̃ab X a ⊗X b + g̃ab δ̃
a ⊗ δ̃b

ẽα := {δ̃a = Xa − Ñ f
aVf ,Vb} and ẽβ := {X a, δ̃b = Vb + Ñ b

f X f}

g = {gα′β′},eγ′ = eγγ′~eγ when gα′β′ = eαα′e
β

β
′ g̃αβ

Riemann–Lagrange almost symplectic structures

Prop.–Def. ∀ L → Ñ canonical almost complex structure on T EE following
formulas J̃ (ẽa) = −Vm+a and J̃ (Vm+a) = ẽa, J̃ ◦J̃= −I
d–tensor J̃=J̃ α

β
ẽα ⊗ ẽα = −Vm+a ⊗X a + ẽa ⊗ δ̃a, J̃ α

β
= eαα′e

β
′

β
J̃ α′
β
′ .

Nijenhuis JΩ(x , y) := −[x , y ]+[J x ,J y ]−J [J x , y ]−J [x ,J y ]
for any sections x , y of T EE.
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almost Kähler Lie Algebroids and N–connections Almost Kähler Einstein and Lagrange Lie d–algebroids

slide 13: Definition of prolongation almost Kähler d–algebroids

almost Hermitian and Kähler d–algebroids

a) is defined by a triple HEE = (T EE, θ,J ), where θ(x , y) := g(J x , y)
b) A prolong Lie d–algebr HEE is KEE, if and only if dθ = 0

For effective regular Lagrange configurations,

Theor. Having chosen L, model equivalently a T EE as a KEE.

Proof. For (g = g̃, Ñ , J̃ ), θ̃(x ,y) := g̃(J x ,y)

sections x , y of T EE, N–adapted θ̃ = g̃abδ
a ∧ X b, θ

α′β
′ = eαα′e

β

β
′ θ̃αβ

Let ω̃ := 1
2

∂L
∂ym+aX a → θ̃ = d ω̃ and d θ̃ = dd ω̃ = 0

θ̃ =
1
2
θ̃ab(x i , yC)X a ∧ X b +

1
2
θ̃AB(x i , yC)δ̃A ∧ δ̃B
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almost Kähler Lie Algebroids and N–connections Almost Kähler Einstein and Lagrange Lie d–algebroids

slide 14: The canonical almost symplectic d–connection

Def. A metric compatible almost symplectic d–connection on HEE of
T EE, θDxθ = 0,∀ section x of T EE.

Lemma: fix ◦D on T EE and construct almost symplectic θD
Theor. On T EE, ∃ unique normal d–connection

nD = {h nD = ( n
hDa = D̂a,

n
vDa = D̂a); v nD = ( n

hDA = D̂A,
n
vDA = D̂A)}

D̂ag̃bc = 0 and D̂Ag̃BC = 0, completely defined by g = g̃ and L(x , y)

Theor. nD = D̃ defines a unique almost symplectic d–connection, D̃ ≡ θD̃,
θD̃θ̃=0 and T̃a

cb = T̃A
CB = 0

Concl.
[
g,N , D̂ = ∇+ Ẑ

]
≈
[
g̃,L, Ñ , D̃

]
≈
[
θ̃(·, ·) := g̃(J̃ · ,·), θD̃

]
The Lie algebroid structure functions (ρi

a,C f
ab) are encoded into

nonholonomic distributions on T EE
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almost Kähler Lie Algebroids and N–connections Almost Kähler Einstein and Lagrange Lie d–algebroids

slide 15: almost Kähler Einstein and Lagrange Lie d–algebroids

Corollary–Definition The Ricci tensor of D on T EP with g is
Ric = {Rαβ := Rγ

αβγ
}

N–adapted coefficients for Riemannian d–tensor Rα
β

= {Rα
βγδ
}

Rαβ = {Rab := Rc
abc , RaA := −Rc

acA, RAa := RB
AaB, RAB := RC

ABC}

The scalar curvature sR := gαβRαβ = gabRab + gABRAB.

the Einstein d–tensor Eαβ := Rαβ −
1
2 gαβ

sR

on T EE, or KEE, respectively, for D̂ and D̃ = θD̃.

Prescribing (L; ρi
a,C f

ab), R̂ic = λg, Ẑ = 0

almost Kähler variables, R̃ic = λg, Z̃ = 0
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almost Kähler – Ricci Evolution and Lie Algebroids Perelman’s functionals in almost Kähler variables andKEE

slide 16: almost Kähler – Ricci Evolution and Lie Algebroids

Perelman’s functionals in almost Kähler variables and KEE
Models of non–Riemannian Ricci flow evolution:

nonholonomic, Lagrange–Finsler flows, nonsymmetric metrics

noncommutative Ricci flows; almost Kähler and DQ flows

fractional derivative and diffusion evoluton

Lagrange–Ricci flows on T EE; Flows for KEE

Remark: proofs for [g ∼ g̃,L, Ñ , D̃] ≈ [θ̃(·, ·) := g̃(J̃ ·, ·), θD̃ = ∇+ Z̃]

Lemma: Perelman’s functionals equivalently in canon. almost Kähler form

F̃(g̃, D̃, f̆ ) =

∫
V

( sR̃ + |hD̃f̆ |2 + | vD̃f̆ |)2)e−f̆ dv ,

W̃(g̃, D̃, f̆ , τ̆) =

∫
V

[τ̆( sR̃ + |hD̃f̆ |+ |vD̃f̆ |)2 + f̆ − 2m]µ̆dv
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almost Kähler – Ricci Evolution and Lie Algebroids N–adapted metric and almost symplectic evolution eqs

slide 17: N–adapted metric and almost symplectic evolution eqs

Theorem: a) D̃ preserving a symmetric metric structure g̃ on T EE

∂g̃ab

∂χ
= −(R̃ab + Z̃icab),

∂g̃AB

∂χ
= −(R̃AB + Z̃icAB),

R̃ aA = −Z̃icaA, R̃ Aa = Z̃icAa,

∂ f̃
∂χ

= −(∆̃ + Z ∆̃)̃f +
∣∣∣(D̃ − Z̃) f̃

∣∣∣2 − sR̃− sZ̃,

∂
∂χF(g̃, D̃, f̃ ) =

∫
V [|R̃ab + Z̃icab + (D̃a − Z̃a)(D̃b − Z̃b )̃f |2

+|R̃AB + Z̃icAB + (D̃A − Z̃A)(D̃B − Z̃B )̃f |2]e−f̃ dv ,
∫
V e−f̃ dv = const .

b) θ̃ = g̃abδ
a ∧ X b and KEE, ∂θ̃ab

∂χ = −R̃[ab],
∂θ̃AB
∂χ = −R̃[AB]

On T EE with D̂, ∂g̃ab
∂χ = −2R̂ab ,

∂g̃AB
∂χ = −2R̂AB,

R̂ aA = 0, R̂ Aa = 0, ∂ f̂
∂χ = −∆̂f̂ +

∣∣∣D̂f̂
∣∣∣2 − sR̂
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almost Kähler – Ricci Evolution and Lie Algebroids Geometric thermodynamics of almost Kähler d–algebroids

slide 18: Geometric thermodynamics of almost Kähler d–algebroids

Theor. The Ricci flow evolution eqs with symmetric metrics and
respective almost symplectic forms on T EE and KEE are solutions of
eqs with the Ricci d–tensor (previous slide) and

∂ f̃
∂χ

= −(∆̃ + Z ∆̃)f̃ +
∣∣∣(D̃a − Z̃a)f̃

∣∣∣2 − sR̃ +
2m
τ̂
,

∂τ̃
∂χ = −1, and conditions for the "minus entropy":

∂
∂χW̃(g̃(χ),̃f (χ), τ̃(χ)) = 2

∫
V τ̃ [|R̃αβ − Z̃icαβ

+(D̃α − Z̃α)(D̃β − Z̃β)f̃ − 1
2τ̃ g̃αβ|

2](4πτ̃)−me−f̃ dv ,∫
V e−f̃ dv = const .
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almost Kähler – Ricci Evolution and Lie Algebroids Geometric thermodynamics of almost Kähler d–algebroids

slide 19: Thermodynamical values

Remarks: stochastic processes, diffusion, fractional calculus, quantum entropy....

Theor. a) canonical thermodynamic values on T EE,〈
Ê
〉

= −τ̂ 2 ∫
V( sR̂ + |D̂f̂ |2 − m

τ̂
)µ̂ dv , Ŝ = −

∫
V [τ̂( sR̂ + |D̂f̂ |2) + f̂ − 2m]µ̂ dv

σ̂ = 2 τ̂ 4 ∫
V [|R̂αβ − Ẑicαβ + (D̃α− Ẑα)(D̂β− Ẑβ )̂f − 1

2τ̃ gαβ |
2]µ̂ dv

b) and/or by effective Lagrange and/or almost Kähler Ricci flows on KEE,〈
Ẽ
〉

= −τ̃ 2
∫
V

( sR̃ + |D̃f̃ |2 − m
τ̃

)µ̃ dv , S̃ = −
∫
V

[τ̃( sR̃ + |D̃f̃ |2) + f̃ − 2m]µ̃ dv

σ̃ = 2 τ̃ 4
∫
V

[|R̃αβ + D̃αD̃β f̃ − 1
2τ̃

g̃αβ |
2]µ̃ dv

Proof: using Z̃ = exp
{ ∫
V [−f̃ + m] µ̃dv

}
on KEE, ∇ → D̂, or ∇ → D̃

partition funct Z =
∫

exp(−βE)dω(E) for a canonical ansamble at temperature β−1;
temperature is defined by the measure determined by the density of states ω(E);
statistical analogy computing thermodynamical values: 〈E〉 := −∂ log Z/∂β,
entropy S := β 〈E〉+ log Z and the fluctuation σ :=

〈
(E − 〈E〉)2

〉
= ∂2 log Z/∂β2
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almost Kähler Solitons with Lie Algebroid Symmetries Preliminaries on Lie d–algebroid solitons

slide 20: almost Kähler Solitons with Lie Algebroid Symmetries

Preliminaries on Lie d–algebroid solitons

Def. The geometric data [g ∼ g̃,L, Ñ , D̃] ≈ [θ̃(·, ·) := g̃(J̃ · ,·), θD̃ = ∇+ Z̃]
for a complete Riemannian metric g on a smooth T EE, KEE define a gradient almost
Kähler–Ricci d–algebroid soliton if ∃ a smooth potential function κ̃(x i , yC)

R̃ βγ + D̃βD̃γ κ̃ = λg̃ βγ ,

equivalently, θR̃ [βγ] + θD̃[β
θD̃γ]κ̃ = λθ̃ βγ ,

∃ three types: λ = const : steady ones, for λ = 0; shrinking, for λ > 0; and expanding,
for λ < 0.

Prop. Let (g ∼ g̃,L, Ñ , D̃; κ̃) be a complete shrinking soliton on T EE, KEE.
Using nonholonomic frame deformations, redefined κ̂(x i , yC), for g ∼ g̃,

R̂ βγ + D̂βD̂γ κ̂ = λg βγ

Ẑ = 0 and/or Z̃ = 0 result in the Levi–Civita configurations.
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almost Kähler Solitons with Lie Algebroid Symmetries Generalized Einstein eqs encoding Lie d–algebroid structures

slide 21: Generalized Einstein eqs encoding Lie d–algebroid structures

D̂γ κ̂ = eγ κ̂ = κγ = const , i.e. δaκ̂ = Xaκ̂−NC
a κC = 0 and VAκ̂ = κA.

E = P with 2 + 2 splitting, a,b, ... = 1,2; i ′, j ′, ... = 1,2 and A,B, ... = 3,4.
uµ = (x i , ya) = (x1, x2, y3, y4), on T EE, g→g,

Prime metric

g = g̊α(u)eα ⊗ eβ = g̊i (x)dx i ⊗ dx i + h̊a(x , y)ea ⊗ ea,

eα = (dx i ,ea = dya + N̊a
i (u)dx i ),

eα = (ei = ∂/∂ya − N̊b
i (u)∂/∂yb, ea = ∂/∂ya).

h∗ := ∂3 and N 3
a = wa(xk , y3), N 4

a = na(xk , y3).

Target metric

g = gαβeβ ⊗ eβ = ga X a ⊗X a + gA δ
A ⊗ δA

= ηa(xk )g̊aX a ⊗X a + ηA(xk , y3)h̊Aδ
A ⊗ δA
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slide 22:

Propos. ∂a → Xa and VA = ∂A

−R̂1
1 = −R̂2

2 =
1

2g1g2
[X1(X1g2)−

X1g1 X1g2

2g1
−

(X1g2)2

2g2

+X2(X2g1)−
X2g1 X2g2

2g2
−

(X2g1)2

2g1
] = λ,

−R̂3
3 = −R̂4

4 =
1

2h3h4
[h∗∗4 −

(
h∗4
)2

2h4
−

h∗3 h∗4
2h3

] = λ,

R̂3a =
wa

2h4
[h∗∗4 −

(
h∗4
)2

2h4
−

h∗3 h∗4
2h3

] +
h∗4
4h4

(
Xah3

h3
+
Xah4

h4
)−
Xah∗4
2h4

= 0,

R̂4a =
h4

2h3
n∗∗a + (

h4

h3
h∗3 −

3
2

h∗4 )
n∗a
2h3

= 0;

for the potential function Xaκ̂− waκ3 − naκ4 = 0 and VAκ̂ = κA,
LC conditions Ẑ = 0;
w∗a = (Xa − wa∂3) ln

√
|h3|, (Xa − wa∂3) ln

√
|h4| = 0,Xbwa = Xawb, n∗a = 0, ∂anb = ∂bna.

a nontrivial source λ, ga = εaeψ(xk ), εa = ±1 and h∗a 6= 0,
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slide 23: Generating off–diagonal solutions

Theor. PDEs decouple in N–adapted form,

ε1X1(X1ψ) + ε2X2(X2ψ) = 2 λ

φ∗h∗4 = 2h3h4λ

βwA − αA = 0,

n∗∗A + γn∗A = 0,

for αA = h∗4∂Aφ, β = h∗4 φ
∗, γ =

(
ln |h4|3/2/|h3|

)∗
,

generating function φ = ln |h∗4/
√
|h3h4||

LC–solutions:

ds2 = eψ(xk )[ε1(X 1)2 + ε2(X 2)2] + ε3
(Φ̌∗)2

λΦ̌2
[V3 + (XaÃ[Φ̌])X a]2 + ε4

Φ̌2

4|λ|
[V4 + (Xan)X a]2

the solutions defining Ricci solitons can be with nontrivial torsion.
Remark: nonholonomically induced torsion,

ds2 = eψ(xk )[ε1(X 1)2 + ε2(X 2)2] + ε3(z3)2[V3 +
XaΦ

Φ∗
X a]2 + ε4(z4)2[V4 + ( 1na + 2na

∫
dy3 (z3)2

(z4)3
)X a]2

where the values z3(xk , y3) and z4(xk , y3)
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page 24: Nonholonomic spinors and Dirac operators

Clifford d–algebra, ∧V n+m algebra, product uv + vu = 2g(u,v) I;

hu hv + hv hu = 2 hg(u, v) hI, , v u v v + v v v u = 2 v h( v u, v v) v I,

u = ( hu, v u), v = ( hv , v v) ∈ V n+m, I, hI and v I are unity matrices
(n + m)× (n + m), or n × n and m ×m.
A metric hg on hV is defined by sections of ThV provided with a bilinear
symmetric form on continuous sections Γ(T hV).
Clifford h–algebras hCl(TxhV), in any point x ∈ ThV,

γiγj + γjγi = 2 gij
hI.

Definition: A Clifford d–space on V, with g(x , y) and N is a Clifford bundle
Cl(V) = hCl(hV)⊕ vCl(vV), Clifford h–space hCl(hV)

.
= hCl(T ∗hV), Clifford

v–space vCl(vV)
.

= vCl(T ∗vV).
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page 25: (Almost Kähler) N–adapted Dirac operators

d–gamma matrix relations γα̂γβ̂ + γβ̂γα̂ = 2δα̂β̂ I,
action of duα ∈ Cl(V) on a d–spinor ψ̆ ∈ S, c(duα̂)

.
= γα̂,

c = (duα) ψ̆
.

= γα ψ̆ ≡ eαα̂ γ
α̂ ψ̆,

γα(u)γβ(u) + γβ(u)γα(u) = 2gαβ(u) I.

Canon. spin Cartan d–con.: θ
S∇̂

.
= Lδ − 1

4
θΓ̂αβµγαγ

β δuµ.

Definition: The Dirac d–operator (h–operator) on a spin N–anholonomic
manifold (V,S, J) (h–spin manifold (hV, hS, hJ), or v–spin manifold
(vV, v S, v J)) is

D .
= −i (ĉ ◦ S∇) =

( hD = −i ( hĉ ◦ h
S∇), vD = −i ( v ĉ ◦ v

S∇)
)

Dirac d–operators are called almost Kähler and denoted θD̂ = ( h
θD̂, v

θD̂ ) if
defined for the Cartan/ normal d–connection.
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page 26: The spectral action/functional paradigm:

Standard models, particles & ”extracted” from noncommut. geometry,

spectral triple (A,H,D), postulating actionTr f (D2/Λ2)+ < Ψ|D|Ψ > . Tr is the trace in operator
algebra, Ψ is a spinor, all defined for a Hilbert space H, Λ is a cutoff scale and f is a positive
function. Spectral action depends on spectrum of Dirac operator D on a space defined by a
noncommutative associative algebra A = C∞(V )⊗ PA.
Spectral geometry of A : product rule H = L2(V ,S)⊗ PH, Hilbert sp. L2 spinors L2(V ,S),
Hilbert space of quarks and leptons PH fixing the choice of the Dirac operator PD & action PA
for fund. particles. Dirac operator D = V D ⊗ 1 + γ5 ⊗ PD, Dirac operator V D of the Levi–Civita
spin connection on V . Spectral functionals contain in commutative limit the Perelman’s
functionals for Ricci flows.

Scal prod on Γ∞(S), < ψ̆, φ̆ >
.

=
∫

V(ψ̆|φ̆)|νg|, V : νg =
√

det |g| det |h| dx1...dxn dyn+1...dyn+m

Hilbert d–space by completing Γ∞(S), sc. pr.
NH := L2(V,S) = [ hH = L2(hV, hS), vH = L2(vV, v S)]

A canonical (almost Kähler) spectral d–triple ( NA, NH, θD̂) for a d–algebra NA is defined by
1) a Hilbert d–space NH, 2) a representation of NA in the algebra NB( NH) of d–operators
bounded on NH, 3) by a self–adjoint d–operator NH, of compact resolution,(an operator D is of
compact resolution if for any λ ∈ sp(D) the operator (D − λI)−1 is compact) such that
[ NH, a] ∈ NB( NH) for any a ∈ NA.
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page 27: Spectral triples and distance in d–spinor spaces

Theorem: (Distance) Let ( NA, NH, θD̂, J, [cr ]Γ) a noncom. geometry, irreducible for
NA .

= C∞(V), where V is a compact, connected and oriented manifold without
boundaries, of spectral dimension dim V = n + n. There are satisfied:

1 ∃ a unique d–metric g( θD̂) = ( hg, v g), ”nonlinear geodes." dist. on V,
d(u1, u2) = supf∈C(V)

{
f (u1, u2)/ ‖ [ θD̂, f ] ‖≤ 1

}
, ∀ smooth f ∈ C(V).

2 An almost Kähler model of N–anholonomic manifold V is a spin N–anholonomic
space, operators θD̂′ satisfying the condition g( θD̂′) = g( θD̂) (and canonically
derived almost Kähler spaces with Lθ( θD̂′) = Lθ( θD̂)) define an union of affine
spaces identified by the d–spinor structures on V.

3 The functional S( θD̂)
.

=
∫
|θD̂|−n−n+2 defines a quadratic d–form with

(n + n)–splitting for every affine space which is minimal for θD̂ = θ
←−
D as the

canonical almost Kähler Dirac d–operator corresponding to the d–spin structure
with the minimum proportional to the Einstein–Hilbert action for the canonical
Cartan/ normal d–connection with d–scalar curv. s

θR,

S( θ
←−
D ) = − n−1

12

∫
V

s
θR
√

hg
√

v h dx1...dxn δyn+1...δyn+n.
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page 28: Spectral nonholonomic flows and Perelman functionals

Family of generalized d–operators

θD2(χ) = −[
I
2

Lθαβ(χ)[ Leα(χ) Leβ(χ)− Leβ(χ) Leα(χ)] + Aν(χ) Leν(χ) + B(χ)]

χ ∈ [0, χ0), matrices Aν(χ) and B(χ) determined by θD induced by θD; for the
Cartan/ normal d–connection, θD̂2, Âν and B̂. We introduce functionals F andW
depending on χ,

F = Tr
[

1f (χ)(
1φD2(χ)/Λ2)

]
'
∑
k≥0

1f(k)(χ) 1a(k)(
1φD2(χ)/Λ2)

W = 2W+ 3W,

for eW = Tr
[

ef (χ)(
eφD2(χ)/Λ2)

]
=
∑
k≥0

ef(k)(χ) ea(k)(
eφD2(χ)/Λ2),

cutting parameter Λ2 for both cases e = 2, 3. Functions bf , with label b taking values
1, 2, 3. Coefficients computed as "N–adapted" Seeley – de Witt coefficients.
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page 29: Main Theorems on "noncommutative" Perelman functionals

Theorem: For the scaling factor 1φ = −f/2, the first spectral functional
F = PF( Lθ, θD, f ) can be approximated as the first Perelman functional

PF =

∫
V
δV e−f [ θs R(e−f Lθµν) +

3
2

ef Lθαβ( Leαf Leβ f − Leβ f Leαf )].

Theorem: 2d spectr.funct. W = PW( Lθ, θD, f ) is approx. as 2d Perelman funct.

PW =

∫
V
δVµ× [χ( θs R(e−f Lθµν) +

3
2

ef Lθαβ( Leαf Leβ f − Leβ f Leαf )) + f − 2],

for scaling 2φ = −f/2 in 2W, 3φ = (ln |f − 2| − f )/2 in 3W.

Conclusion: The Ricci flow theory of almost Kähler – Finsler/ -Lagrange / -Einstein
spaces can be extracted from noncommutative geometry.
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page 30: Ricci Solitons & DQ

Aim: Perform DQ using N–adapted frames (for Fedosov operators), the
Cartan d–connection and distortions with Neijenhuis tensor,→ star product.

Γ̌α
′

β′γ′ = ěα
′

αě β
β′ ě

γ
γ′Γ

α
βγ + ěα

′

αeγ(ě α
β′ ), Γ̌′ = Γ + Ž

ĕν′ = ě v
v ′(u)eν ĕν

′
= ěv ′

v (u)ev , new sets Ň = {Ňa′
j } when Ťαβγ = (1/4)Ω̌α

βγ .

"Formal power" series and Wick product

C∞(V)[[`]] of "formal series" on ` with coefficients from C∞(V) on a Poisson
(V, {·, ·}), where the bracket {·, ·}. Operator

1f ∗ 2f =
∞∑

r=0
r C( 1f , 2f ) `r ,

r C, r ≥ 0, are bilinear operators with 0C( 1f , 2f ) = 1f 2f and
1C( 1f , 2f )− 1C( 2f , 1f ) = i{ 1f , 2f}; i2 = −1; an associative algebra
structure on C∞(V)[[`]] with a `–linear and `–addical continuous star product.
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page 31

Local coordinates (u, z) = (uα, zβ), on T V; elements as series

a(v , z) =
∑

r≥0,|{α}|≥0

ar ,{α}(u)z{α} `r , is a multi–index{α}

On TuV, a formal Wick product with Λ̌αβ := θ̌αβ − i ǧαβ ,

a ◦ b (z) := exp

(
i
`

2
Λ̌αβ

∂2

∂zα∂zβ[1]

)
a(z)b(z[1]) |z=z[1]

The d–connection extended on space W̌ ⊗ Λ̌ to operator

Ď (a⊗ ξ) :=
(

ěα(a)− uβ Γ̌γαβ
z ěα(a)

)
⊗ (ěα ∧ ξ) + a⊗ dξ,

where z ěα is a similar to ěα but depend on z–variables. This operator is a
N–adapted dega–graded derivation of the d–algebra

(
W̌ ⊗ Λ̌, ◦

)
.
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page 32: Fedosov N–adapted operators

Definition: The Fedosov N–adapted operators are

δ̌(a) = ěα ∧ z ěα(a) and δ̌−1(a) =

{ i
p+q zα ěα(a), if p + q > 0,

0, if p = q = 0,

a ∈ W̌ ⊗ Λ is homogeneous w.r.t. the grading degs(a) = p, dega(a) = q.

Theorem: Any d-metric/ equivalent symplectic structure, θ̌(·, ·) := g( ˇJ·, ·), define a
flat canonical Fedosov d–connection Ď : − δ̌ + Ď− i

`
adWick (r); Ď2 = 0; ∃ a unique

element r ∈ W̌ ⊗ Λ̌, dega(r) = 1, δ̌−1r = 0, solving δ̌r = Ť + Ř+ Ďr − i
`
r ◦ r .

Recursively,

r (0) = r (1) = 0, r (2) = δ̌−1 Ť , r (3) = δ̌−1(Ř+ Ďr (2) − i
`

r (2) ◦ r (2)),

r (k+3) = δ̌−1(Ďr (k+2) − i
`

k∑
l=0

r (l+2) ◦ r (l+2)), k ≥ 1,

a(k) is the Deg–homogeneous component of degree k of a ∈ W̌ ⊗ Λ̌.
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page 33: Main theorems for Fedosov–Ricci solitons

Analogs of torsion and curvature operators of Ď on W̌ ⊗ Λ̌,

Ť :=
zγ

2
θ̌γτ Ťταβ(u) ěα ∧ ěβ , Ř :=

zγzϕ

4
θ̌γτ Řτϕαβ(u) ěα ∧ ěβ

Properties:
[
Ď, δ̌

]
= i

`
adWick (Ť ) and Ď2 = − i

`
adWick (Ř).

The bracket [·, ·] is the dega–graded commutator of endomorphisms of W̌ ⊗ Λ̌ and
adWick is defined via the dega–graded commutator in

(
W̌ ⊗ Λ̌, ◦

)
.

Theorem 1: A star–product for the almost Kähler model

of a nonholonomic Ricci soliton is defined on C∞(V)[[`]] by

1f ∗ 2f + σ(τ( 1f )) ◦ σ(τ( 2f )),

where the projection σ : W̌KD → C∞(V)[[`]] onto the part of degs–degree zero is a
bijection and the inverse map τ : C∞(V)[[`]]→ W̌Ď can be calculated recursively
w.r..t the total degree Deg,τ(f )(0) = f ,

τ(f )(k+1) = δ̌−1
(

Ďτ(f )(k) − i
v

k∑
l=0

adWick (r (l+2))(τ(f )(k−l))

)
, for k ≥ 0.
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page 34:

f ξ is the Hamiltonian vector field for a function f ∈ C∞(V) on (V, θ̌). Antisymmetric
−C( 1f , 2f ) := 1

2

(
C( 1f , 2f )− C( 2f , 1f )

)
of bilinear C( 1f , 2f ).

A star–product is normalized if 1C( 1f , 2f ) = i
2{

1f , 2f}, {·, ·} is the Poisson bracket defined by
θ̌. For a normalized ∗, the bilinear −2 C is a de Rham–Chevalley 2–cocycle ∃ a unique closed
2–form κ̌, 2C( 1f , 2f ) = 1

2 κ̌( f1ξ, f2ξ)∀ 1f , 2f ∈ C∞(V).
Consider the class c0 of a normalized star–product ∗ as the equivalence class c0(∗) + [κ̌],
computed as a unique 2–form,

κ̌ = −
i
8

J̌ α
′

τ Řτα′αβ ěα ∧ ěβ − i λ̌, for λ̌ = d µ̌, µ̌ =
1
6

J̌ α
′

τ Ťτα′β ěβ .

The h- and v–projections hΠ = 1
2 (Idh − iJh) and vΠ = 1

2 (Idv − iJv ).
The final step is to compute the closed Chern–Weyl form
γ̌ = −iTr

[
(hΠ, vΠ) Ř (hΠ, vΠ)T

]
= −iTr

[
(hΠ, vΠ) Ř

]
= − 1

4 J̌ α
′

τ Řτ
α′αβ ěα ∧ ěβ .

The canonical class is ε̌ := [γ̌]→ proof of

Theorem 2: The zero–degree cohomology coefficient c0(∗) for the almost Kähler

model of a nonholonomic Ricci soliton is c0(∗) = −(1/2i) ε̌.
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slide 35: Conclusions & Perspectives

Key results

(Non) Commutative Ricci flow evolution theory for almost Kähler models of Lie algebroids
endowed with canonical N–connection structure

Decoupling property of the Ricci soliton eqs for nonholonomic Lie algebroids and exact
solutions in Modified Gravity

Deformation quantization of almost Kähler geometries and physical models

Directions for future

Supersymmetric Ricci flows, quantum groups and deformation / geometric quantization of
Lie algebroids

Noncommutative Ricci flows on Lie algebroids, Dirac operators, spectral triples,
generalized symplectic structures, quantum group models

Modified gravity theories and algebroid Ricci solitions

Exact solutions with generalized Lie algebroid symmetries (cosmological scenarios, brane
models with generalized symmetries)

T H A N K S !
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